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In this paper we establish dualities between inationary, yli/ekpyroti, and phantom os-
mologies within the path formalism approximating high-energy eets in senarios with extra di-
mensions. The exat dualities relating the four-dimensional spetra are broken in favour of their
braneworld ounterparts; the dual solutions display new interesting features beause of the modi-
ation of the eetive Friedmann equation on the brane. We then address some qualitative issues
about phantomlike osmologies without phantom matter.
PACS numbers: 98.80.Cq, 04.50.+h
I. INTRODUCTION
The ultimate theory of everything, if any, is a long-
living mirage that physiists and mathematiians have
been pursuing for years in the attempt to solve many fun-
damental problems rooted in our modern view of the Uni-
verse. One of the open issues is how to reonile general
relativity and quantum physis, two separate branhes
that experiments and observations has widely aepted
as meaningful desriptions of natural phenomena, at least
eah in its own range of inuene. The marriage be-
tween the two would require deep modiations of both
and, although great progress has been made in this di-
retion thanks to string theory, a happy ending to the
story is still missing. In partiular, the mostly suessful
big bang model of osmologial evolution, whih man-
ages to glue gravitation and mirophysis together in a
very nontrivial way, sits on the paradox of the initial sin-
gularity: the original point from whih all ame derees
the failure of general relativity as a self-ontained frame-
work, sine the relevant osmologial quantities diverge
by denition when going bak to the rst instant of the
past. At present we know that quantum eets an re-
solve suh a point into a nite spek and smooth out the
worried innities [1℄.
From a philosophial perspetive, the big bang has
raised many questions about the nature of time and its
birth, leading to the (indeed not new) hypothesis that
the Universe may experiene a yli suession of ex-
pansions and ontrations in whih the big bang singu-
larity is just a transitory phase (a boune) in a wider
proess of evolution; see [2℄ for old attempts to imple-
ment this idea. At a semilassial level, the struture
of the perturbations generated through the boune an
be more ompliated than the standard one in a mono-
tonially expanding universe; for example, vetor modes
annot be negleted during the ontrating phase in on-
∗
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trast to their deaying behaviour in the post big bang
phase [3℄. General phenomenology of yli models and
bouning osmologial perturbations have been studied,
e.g., in [4, 5, 6, 7, 8, 9℄; the ase of a bouning losed
universe has been investigated in [10℄.
Moreover, bouning at osmologies may require a vi-
olation of the null energy ondition ρ + p ≥ 0, where ρ
and p are the energy density and pressure of a perfet
uid desribing the matter ontent of the early Universe
[4, 6, 9, 11, 12℄. The eld assoiated to an equation of
state p = wρ with w < −1 is alled phantom [13℄ and
its nononventional properties, inluding superaelera-
tion (a¨/a > H2), an give rise to a new sort of singular-
ity (the big rip) as well as to an explanation of urrent
observations of dark energy. For a referene list on the
subjet, see [14℄ to whih we add [15, 16℄.
An interesting singularity-free setup, alternative to in-
ation and motivated by string theory, is the ekpyroti
senario, whih explains the large-sale small anisotropies
of the osmi mirowave bakground via a ollision be-
tween wrinkling branes [17, 18, 19℄. A general-relativisti
treatment of ekpyroti/yli senarios predits a sale-
invariant salar spetrum (with salar index ns − 1 ≈ 0)
and a blue-tilted tensor spetrum nt ≈ 2, while standard
ination generates almost sale-invariant spetra. In the
latter ase, this is a onsequene of the slow-roll (SR)
approximation, stating that both the parameter
ǫ ≡ −d lnH
d ln a
= − H˙
H2
, (1)
and its time derivative must be suiently small.
1
Con-
versely, the yli model ahieves sale invariane when
ǫ¯ ≡ ǫ
yli
≫ 1. Reently, two remarkable dualities
were disovered in at osmology, one relating ination-
ary to ekpyroti/yli spetra [20, 21, 22℄ and the other
onneting inationary to phantom spetra [15, 22, 23℄.
1
In the following we will refer to ǫ as the SR parameter even
when the slow-roll approximation ǫ≪ 1 is not applied.
2More preisely, given an inationary model there exist
both yli and phantom osmologies with the same spe-
tra and suh that
ǫ¯ = 1/ǫ , (2a)
ǫˆ = −ǫ , (2b)
ǫ¯ = −1/ǫˆ , (2)
where ǫˆ ≡ ǫ
phantom
. In four dimensions, this triality is
exat for arbitrary (even varying) ǫ [22℄. Other dualities
an be found in [24℄.
The searh of viable bouning mehanisms has led to
explore several possibilities that involve, for instane,
varying ouplings [25℄, nonommutative geometry [26℄,
quantum gravity and osmology [27℄ (see also [28℄). In
partiular, a Randall-Sundrum (RS) modiation of the
Friedmann equations has been onsidered [29℄, in whih
a phantom omponent may help to tear apart blak holes
during the boune [30, 31℄.
In braneworld senarios the visible universe is onned
into a (3+1)-dimensional variety (a brane) embedded in
a larger nonompat spaetime (the bulk). One of the
rst problems one has to deal with when onstruting
suh models is how to stabilize the extra dimension. This
an be ahieved in a number of ways; in the RS exam-
ple, Goldberger and Wise have provided a mehanism
aording to whih a 5D massive salar is put into the
bulk with a potential of the same order of the brane
tension λ [32℄. If the energy density ρ on the brane is
smaller than the harateristi energy of the salar po-
tential, ρ/V ∼ ρ/λ≪ 1, then the radion is stabilized and
one gets the standard Friedmann equation H2 ∝ ρ on
the brane. On the ontrary, if the brane energy density
is omparable with the stabilization potential, ρ/λ >∼ 1,
the bulk bakreats beause it feels the presene of the
brane matter, the minimum of the potential is shifted,
and the well-known quadrati orretions to the Fried-
mann equation arise [33℄.
Here we shall follow the seond alternative and on-
sider nonstandard osmologial evolutions on the brane,
extending the RS disussion to arbitrary senarios we
dubbed path osmologies [14℄, with
H2 = β2qρ
q . (3)
Here H is the eetive Hubble rate experiened by an ob-
server on the brane, βq is a onstant we will assume to be
positive, and the exponent q is equal to 1 in the pure 4D
(radion-stabilized) regime, q = 2 in the high-energy limit
of the RS braneworld, and q = 2/3 in the high-energy
limit of the Gauss-Bonnet (GB) senario;
2
if braneworld
orretions are important in the early Universe, one an
follow the osmologial evolution through eah energy
2
Gauss-Bonnet osmologies have been studied, e.g., in [14, 34℄ and
referenes therein.
path in a given time interval where the path approxi-
mation is valid.
In this paper (Ses. II and III) we will investigate
the above-mentioned triality for general q and show that
Eq. (2) no longer realizes exat orrespondenes between
yli, inationary, and phantom pathes. Aording to
the new dualities we will establish, any expanding uni-
verse is mapped to either a ontrating or phantom uni-
verse whih no longer display exatly the same salar
perturbations; our results are in agreement with previous
investigations [22℄. Sine braneworld spetra are broken
under duality, and mapped into a quantitatively dier-
ent ontratinglike or phantomlike spetra, these trans-
formations are not symmetries in the strit meaning of
the word.
We will dene the dual transformations both in a given
path by imposing q¯ = q and between dierent pathes,
whih we will all ross dualities. In addition, it will turn
out that the generalized version of the 4D ontrating
(phantom) mapping gives rise to a phantom (ontrating)
dual solution when ipping the sign of q.
At last, inspired by a modied version of the phan-
tom duality we shall outline some proposals for (i) a new
bouning senario, (ii) the generation of features in the
power spetrum breaking sale invariane, and (iii) an
alternative to standard ination. A full detailed imple-
mentation of these topis in a rigorous theoretial frame-
work is beyond the sope of this artile and will be left
for the future; rather, we shall provide some preliminary
omments in Se. IV. Conlusions are in Se. V.
II. SETUP AND PRELIMINARY REMARKS
We assume there is a onnement mehanism on the
brane for a perfet uid with ontinuity equation ρ˙ +
3Hρ(1 + w) = 0, and neglet any brane-bulk exhange.
For an homogeneous salar eld φ with potential V ,
ρ(φ) =
ℓ
2
φ˙2 + V (φ) , (4)
while for a Dira-Born-Infeld (DBI) tahyon
ρ(T ) =
V (T )√
1− ℓT˙ 2
. (5)
Here ℓ = 1 for ordinary ausal elds and ℓ = −1 for phan-
toms. We will use the symbol ϕ to indiate the inaton
eld in expressions valid for both the normal salar and
the tahyon.
3
Equation (1) denes the time variation
3
To avoid onfusion, we will all standard (phantom) ordinary
salar the φ eld with ℓ = 1 (ℓ = −1), standard (phantom)
tahyon the T eld with ℓ = 1 (ℓ = −1) and salar (or, some-
times, inaton) the eld satisfying the ontinuity equation, re-
gardless of its ation.
3of the Hubble radius RH ≡ H−1; this parameter an
also be expressed either via derivatives of the inaton
eld, indiated with primes, or through the ontinuity
and Friedmann equations:
ǫ = − a
a′
H ′
H
(6)
=
3q(1 + w)
2
− q˙
q
lnH2
2H
. (7)
In the last formula, we have set βq = 1 and onsidered
the general ase of time-dependent q(t). When q = onst
(whih we shall assume throughout this setion), then
ǫ > 0 when sgn(q) = sgn(w + 1), while phantom matter
with q > 0 (or ordinary matter with q < 0) reverses the
sign of ǫ.
We an see that the dualities (2a) and (2b) are bro-
ken in their simplest form when onsidering nontrivial
pathes. A rst evidene omes from the equations of
motion of salar perturbations, whih in four dimensions
are invariant under the mapping ǫ → ǫ−1 for dominant
and subdominant modes, separately [20, 21℄. Let Φ be
the Newtonian potential and R the urvature perturba-
tion related to the salar spetrum generated by quantum
utuations of a standard ordinary salar eld φ(x) =
φ(τ)+δφ(x, τ) around a homogeneous bakground, where
τ is onformal time. Dening z ≡ ϑ−1 ≡ aφ˙/H and the
two Mukhanov variables v ≡ −Φ/φ˙ and u ≡ −zR [with
a (+,−,−,−) metri; notations may vary aording to
the paper℄, the eetive 4D equations of motion for the
(Fourier-transformed) salar-perturbation modes in the
longitudinal gauge are (e.g., [35℄)(
∂2τ + k
2 − ∂
2
τϑ
ϑ
)
vk = 0 , (8a)(
∂2τ + k
2 − ∂
2
τz
z
)
uk = 0 . (8b)
When q 6= 1 and the Friedmann equation reeives orre-
tions from the extra-dimensional physis, several argu-
ments show that the Mukhanov equations (8) still hold,
at least at lowest SR order (quasi-de Sitter regime) and
under the assumption of negligible Weyl ontribution.
We an express ϑ in terms of the slow-roll parameter
(1) and its variation γ = d ln ǫ/dN with respet to
N ≡ ln afHf
aH
, (9)
where the subsript f denotes evaluation at the end of
the inationary or ekpyroti phase; the standard forward
denition of the number of e-foldings, N = ln(a/ai),
is related to this quantity by dN = (ǫ − 1)dN .4 The
onformal time satises the relation
τ =
∫
dt
a
=
1
(ǫ− 1)aH ; (10)
4
In [14℄ the bakward denition N = ln(af /a) is used instead.
negleting O(γ2) and O(dγ/dN ) terms, one nds
∂2τϑ
ϑ
τ2 ≈
(
1 +
θ
2
)(
1 +
θ
2
ǫ
)
ǫ
(ǫ − 1)2 +
ǫ2 − 1
2(ǫ− 1)2 γ ,
(11)
where θ ≡ 2(1 − q−1) and is equal to 0 in the 4D ase,
1 in RS, and −1 in GB. In general relativity, a rst step
towards the duality ǫ ↔ ǫ−1 is to note that the equa-
tion of motion for v is invariant under the mapping (2a).
However, when θ 6= 0 this duality is expliitly broken
by the term inside the seond round brakets, whih by
the way ontributes to the only piee surviving for a
onstant ǫ (γ = 0). In the ase of a standard tahy-
oni eld, Eq. (11) has an extra term proportional to
γ(3 + θǫ)(ǫ − 1)ǫ/(3q − 2ǫ), whih breaks the invariane
even in four dimensions.
III. PATCH DUALITIES
We an make the previous argument more rigorous by
means of the Hamilton-Jaobi formulation of the osmo-
logial dynamis. Let us write down the Hamilton-Jaobi
equations for the salar eld [14℄,
V (φ) =
(
1− ǫ
3q
)
|H |2−θ , (12)
V 2(T ) =
(
1− 2ǫ
3q
)
H2(2−θ) , (13)
H ′a′ = −3q
2
ℓ|H |θ˜Ha , (14)
where θ˜ = θ for the ordinary salar and θ˜ = 2 for the
tahyon and we have set βq = 1. The absolute value of
H is neessary and suient to preserve the invariane
under time reversal of the original equations of motion.
Dene the variable y(ϕ) as
y(φ) ≡ H(φ)2ℓ/3 , θ = 0 , (15)
y(ϕ) ≡ exp
[
α|H(ϕ)|−θ˜
]
, θ˜ 6= 0 , (16)
where the oeient α ≡ −2ℓ/(3qθ˜) is α = −1/3 and
α = 1 for a RS and GB braneworld without phantoms,
respetively. Then, sgn(dy) = sgn(dH) when q > 0, and
Eq. (14) an be reast as
y(ϕ)′a(ϕ)′ = −y(ϕ)a(ϕ) . (17)
Figure 1 shows the funtion y(H) for the RS and GB
ase. From now on we will set θ˜ = θ for lighter notation.
The parameter ǫ an be written as
ǫ = − (ln y)
′2
θ ln y
. (18)
The Hamilton-Jaobi equations enode all the dynamial
information for the osmologial evolution. If two dier-
ent models (ϕ,θ) and (ϕ′,θ′) display the same set of equa-
tions, then we will say there is a duality between them.
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FIG. 1: The funtion y(H) in the GB (upper urve) and
RS (lower urve) expanding braneworlds. The image of H is
y ≥ 1 in the rst ase and 0 ≤ y < 1 in the seond one.
Let us now onsider what transformations are symme-
tries of Eq. (17). In general, a symmetry transformation
an be written as
a¯(ϕ) = f1(ϕ) , (19a)
y¯(ϕ) = f2(ϕ) , (19b)
provided that [ln f1(ϕ)]
′[ln f2(ϕ)]
′ = −1. In Eq. (19b) all
the elements of y¯, inluding θ, are evaluated in the dual
path. Sine in priniple it is not possible to set β =
1 = β¯ onsistently, one should restore the dimensional
fators in the previous and following expressions, noting
that [β] = E(θ+2)/(θ−2).
A. Singular dualities
A simple realization of Eq. (19) is
a¯(ϕ) = y(ϕ)p(ϕ) , (20a)
y¯(ϕ) = a(ϕ)1/p(ϕ) . (20b)
In order to satisfy the above integrability ondition, the
funtion p(ϕ) must be either a onstant or
p(ϕ) = p0
ln a(ϕ)
ln y(ϕ)
, (21)
where p0 is an arbitrary real onstant. For onstant p =
p0,
a¯(ϕ) = y(ϕ)p0 , (22a)
y¯(ϕ) = a(ϕ)1/p0 , (22b)
also onsidered in [36℄. It is onvenient to dene the new
parameter
ε ≡ ǫ
q|H |θ =
3
2
ℓ
( a
a′
)2
; (23)
then one an express the spetral amplitudes as As(φ)
2 ∝
H2/ε, As(T )
2 ∝ Hθ/ε, and get the spetral indies from
the evolution equation ε˙ = 2Hε(ǫ− η), whih reprodues
the 4D one when ε = ǫ. The set of equations desribing
the dual solution an be obtained from Eqs. (22a), (16),
and (23):
a¯(ϕ) = exp
(
−p0
∫ ϕ
dϕ
a
a′
)
, (24)
|H¯(ϕ)| =
[
α¯p0
ln a(ϕ)
]1/θ¯
, (25)
ε¯(ϕ) ε(ϕ) =
9ℓℓ¯
4p20
. (26)
The right-hand side of Eq. (25) is positive when sgn(θ) =
sgn(1 − a) and q > 0. Then a < 1 for RS and tahyon
senarios and a > 1 for the GB braneworld. Equation
(26) reprodues Eq. (2a) in the ordinary salar ase with
θ = 0 and p0 = 3/2, although the 4D auxiliary variable
y, Eq. (15), is onstruted in a dierent way. In the ase
of yli duality (ℓ¯ = ℓ = 1), the mapping (22) relates a
standard aelerating (ǫ < 1) expanding universe with a
standard deelerating (ǫ¯ > 1) ontrating phase with the
typial properties of yli osmology.
The transformation (22) onnets the sale fator of
the expanding osmology to that of a dual osmology
when expressed in terms of the salar eld. In the dual
model, the salar eld aquires a dierent time depen-
dene relative to its expanding ounterpart. The time
variable an be written as an integral over ϕ,
t =
∫ ϕ dϕ
H
a′
a
; (27)
the time variable t¯ of the dual solution is then
t¯ =
2ℓp0
3
∫ ϕ dϕ
a3ℓ¯/(2p0)
H ′
H
, (28)
in the 4D→4D ase,
t¯ =
2ℓp0
3
∫ ϕ
dϕ (ln a)1/θ¯(lnH)′ , (29)
for the pure braneworld dual of the 4D senario, while
for a general ross duality with θ¯ 6= 0 6= θ, using Eqs.
(16) and (17),
t¯ = − p0
(α¯p0)1/θ¯
∫ ϕ
dϕ
(ln a)1/θ¯
(ln a)′
. (30)
Everywhere we have omitted sgn(H¯) whih is impliit in
the time-reversal symmetry of the dual solution. The
dual evolution of the salar eld will be denoted as
ϕ¯(t) ≡ ϕ(t¯). For q¯ = q = 1 and p0 = 3/2, these relations
reprodue the already known four-dimensional standard
triality.
The exat inversion of the SR parameter ǫ¯ǫ = 1 is
ahieved in any dimension by the stationary osmology
5a(t) = t. Otherwise, the xed points of the transforma-
tion (22) are those with
ε
self-dual
≡ 3
2p0
. (31)
In general, we dene a self-dual solution as the set of
roots of Eq. (31). In four dimensions with p0 = 3/2,
Eq. (31) redues to the self-dual ondition ǫ = 1. From
the dual of the SR parameter as given by Eq. (23), it is
lear that dual osmologies superaelerate either in the
phantom ase with q¯ > 0 or in the ordinary one for q¯ < 0.
Let us disuss what is the struture of the yli duality
in a path framework with positive q and p0. For lar-
ity, we ompare the ases θ = 0,±1. By denition, stan-
dard ination is haraterized by a monotonially varying
salar eld whih an be assumed to be inreasing with
time, ϕ˙ = Ha/a′ > 0. A parity transformation ϕ→ −ϕ
always ahieves this ondition. Therefore a′ > 0 (sine
H > 0) and H ′ < 0. On the ontrary, the dual sale fa-
tor is a dereasing funtion of ϕ¯ sine a¯′/a¯ ∝ −a/a′ < 0.
In the four-dimensional ordinary salar ase, the ex-
panding (H¯ > 0) dual solution has ˙¯φ = aH/H ′ < 0,
a¯′ < 0, and H¯ ′ > 0; also, from Eq. (6) ǫ¯ > 0. Under the
time reversal
t ∈ [0,+∞[ → t ∈ ]−∞, 0] ,
˙¯ϕ(t) → − ˙¯ϕ(−t) ,
a¯(t) → a¯(−t) ,
H¯(t) → −H¯(−t) ,
ǫ¯(t) → ǫ¯(−t) ,
the dual osmology beomes ontrating while keeping
the ondition
˙¯φ > 0 and ǫ¯ > 0 (i.e., it does not super-
aelerate). In a general expanding path, the dual time
evolution of the salar eld is
˙¯ϕ ∝ (ln a)−1/θ, whih shows
that in the RS, GB, and tahyon senarios the evolution
of the dual osmology is not regular beause of the fator
ln a.
To be onsistent with the image of y and Eqs. (22) and
(25), we require a < 1 in the RS senario and a > 1 in the
GB one. In this ase the above onsiderations hold with
the same signs as in 4D and we get ontrating solutions
after a time reversal. Let t∗ be the time when a(t∗) =
1; then ∞ > H > H∗ = H(t∗) and the dual RS sale
fator a¯ ranges from a¯∗ = exp[−1/(2H∗)] to 1. In the
GB ase, ∞ > H∗ > H > 0 and ∞ > a¯ > exp(3H∗/2).
As a matter of fat, in the example below the range of
the GB power-law dual solution is modied aording to
the sign of the salar eld (negative for an expanding
osmology) but the underlying message in unhanged:
Beause of the dierent range of the variables involved in
the mapping (22), the dual osmology is only a portion of
a ontrating osmology evolving from the innite past to
the origin. For this reason one might onsider Eq. (22)
as an inomplete mapping; rather, the restrition on
the range of a makes these solutions omplete although
very peuliar, sine the dual Hubble parameter indeed
goes from innity to zero but in a nite time interval.
Note that these features are not an eet of the path
approximation we have used for simplifying the osmo-
logial evolution. For θ = 1, Eq. (16) is a good approx-
imation of the exat Randall-Sundrum ase, where [22℄
y2
RS
≡ ρ
ρ+ 2λ
. (32)
In order to make it manifest, we restore the dimensional
fators and temporarily redene the variable y
temp
≡ yp0
with p0 = 3/2; then, in the path approximation δ ≡
λ/ρ≪ 1,
y
temp
= exp
( −κ24
6β2H
)
≈ 1−
√
λκ24
6H2
= 1− δ , (33)
whih reprodues Eq. (32) in the high-energy RS limit.
Note that even in the exat RS senario ǫ is not exatly
inverted under the transformation (22), sine ǫ ∝ [(1 +
y2
RS
)/(1 − y2
RS
)](y′
RS
/y
RS
)2. The dual Hubble parameter
through a¯ = y
RS
is
H¯(φ) =
√
2λa(φ)
1− a(φ)2 , (34)
whih is positive as far as a < 1. It agrees with Eq. (25)
in the above limit a = y¯
temp
≈ 1 − δ¯, as H¯ ≈ (2δ¯)−1.
Also,
˙¯φ = −ℓ
√
8λa′
1− a2 . (35)
Equations (32), (34), and (35) fully onrm what we have
said about the struture of the dual solution, sine the
image of y
RS
is the same as that of y for q = 2.
1. Self-dual solutions and power-law expansion: ordinary
salar ase
The self-dual solutions of the three senarios with an
ordinary salar eld are
a(t) = exp [−p0 exp (−t/p0)] , θ = −1 , (36)
a(t) = exp(
√
2p0t/3) , θ = 1 , (37)
a(t) = t2p0/3 , θ = 0 . (38)
As an example of the duality, let us onsider the power-
law ination,
a(t) = tn , ǫ = 1/n . (39)
The ordinary salar eld assoiated with this expansion is
suh that φ˙2 = 2n1−θ/(3qt2−θ). In four dimensions, the
exat osmologial solution orresponding to this sale
fator is
φ(t) = φ0 ln t , V (φ) = V0e
−2φ/φ0 , (40)
6where φ0 =
√
2n/3. The sale fator and Hubble param-
eter read
a(φ) = enφ/φ0 , H(φ) = ne−φ/φ0 , (41)
respetively. From Eq. (28) with p0 = 3/2, the (time
reversed) yli-dual solution is
a¯(t) = (−t)1/n , ǫ¯ = n , φ(t) = − 2
3φ0
ln(−t) ,
(42)
after a redenition nt¯→ t. The dual of the potential an
be obtained by taking the dual of Eq. (12).
In the Randall-Sundrum senario, the power-law ex-
pansion is realized by
φ(t) = φ0t
1/2 , V (φ) = V0φ
−2 , (43)
where φ0 =
√
4/3. Then, after a redenition φ/φ0 → φ,
a(φ) = φ2n , H(φ) = nφ−2 , (44)
and Eq. (30) gives t = 1 + φ2(lnφ2 − 1); the dual RS
osmology under the mapping (22) has
a¯ = exp[p0(1− φ2)/(3n)] , (45a)
|H¯ | = −p0[3n lnφ2]−1 , (45b)
ǫ¯ = −3n(p0φ2 lnφ2)−1 , (45)
where we have hosen the normalization of the sale fa-
tor suh that a¯(1) = 1. A hanging in the sign of p0 re-
sults in dierent dual solutions. Figure 2 shows the time
behaviour of φ in the two separate regions 0 < φ < 1
and φ > 1; the quantities of Eq. (45) with p0 = 3/2 are
depited in the left side (φ < 1) of Fig. 3, while the yli
duals with p0 = −3/2 are in the right portion (φ > 1).
Time ows from φ = 1, where the vertial line in eah
panel separates the two dual solutions.
In the allowed region φ < 1 with p0 > 0 (no phantoms,
ǫ¯ > 0), the dual sale fator a¯(φ) inreases from a¯(1)
to a¯(0) in a nite time interval, while the dual Hubble
parameter goes from innity to zero in the meanwhile.
Solutions with φ > 1 and p0 < 0 behave muh better,
sine they extend not only up to the innite future, but
also are nonsingular at the origin, a very promising fea-
ture in lassial bouning models.
One gets the RS ontrating solution simply by revers-
ing the time diretion [so that the dual sale fator a¯(φ)
dereases from a¯(0) or a¯(∞) to a¯(1)℄ and ipping the sign
of H¯. The dual slow-roll parameter does not hange un-
der time reversal and keeps being positive. By inverting
Eq. (30) in the region φ > 1, one gets the time depen-
dene of the sale fator as a¯(t) ∝ exp[t/W (t/e)], where
W (x) is the produt log funtion solving the nonlinear
equation x = WeW .
In the Gauss-Bonnet ase we have
φ(t) = −2nt−1/2 , V (φ) = V0φ6 , (46)
together with
a(φ) = φ−2n , H(φ) = nφ2 , (47)
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FIG. 2: The normalized RS salar eld φ as a funtion of
time. The solid horizontal line divides the solutions of the
duality (22) with p0 = 3/2 (region φ < 1) and p0 = −3/2
(region φ > 1).
where −φ/2n → φ. Equation (30) gives t¯ in terms of φ:
it turns out that t = 4t¯/9 =
∫
dφφ(ln φ)−1 = −Ei[lnφ2],
where Ei is the exponential integral funtion plotted in
Fig. 4. From Eqs. (22a), (25), and (26), the dual GB
osmology is
a¯ = exp[p0n(φ
2 − 1)] , (48a)
|H¯ | = −(n/p0) lnφ2 , (48b)
ǫ¯ = −(p0nφ2 lnφ2)−1 , (48)
and again the yli solution with ordinary matter
evolves with a¯ <∞ for all t and p0 > 0. On the ontrary,
in the branh with p0 < 0 the dual sale fator a¯ does
not ollapse to zero at the origin and diverges in the in-
nite future (see Fig. 5). Under time reversal the yli
solution evolves from φ = 1 to φ = 0.
Things do not hange when exploring ross dualities.
We an try to see what happens, say, for the GB dual of
a RS osmology (θ = 1, θ¯ = −1). Starting from Eq. (44),
one gets Eq. (48) with p0 → −p0, modulo an irrelevant
positive onstant. The image of the funtion φ(t¯) is either
{φ < 1} or {φ > 1}.
Dual potentials an be obtained via the dual of Eq.
(12) or (13). Figure 6 shows the potential orresponding
to the osmology Eq. (48). Depending on the hoie of
the parameters n and p0, the funtion V¯ (φ) has a number
of loal minima and maxima, an assume negative values,
and also be unbounded from below.
The properties of osmologial potentials hange very
interestingly when going from the 4D piture to the
braneworld. Take as examples fast-roll ination with a
standard salar eld and negative potentials [37℄. Fast-
roll ination ours by denition when the kineti energy
of the salar eld is small with respet to the potential
energy, φ˙2 ≫ V (φ). In this ase one obtains a sti equa-
tion of state (p = ρ) and a regime desribed by
a ∼ t1/3 , φ˙2 ∼ t−2 , φ ∼ ln t , (49)
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FIG. 3: The Randall-Sundrum solutions dual to RS power-
law ination for n = 5, 10, 30 (inreasing thikness). From top
to bottom, eah panel orresponds to the φ behaviour of the
dual sale fator, the Hubble parameter and SR parameter
under the duality (22) with p0 = 3/2 (region φ < 1) and
p0 = −3/2 (region φ > 1).
from the Klein-Gordon and Friedmann equations. This
implies that at early times the kineti term dominates
over any monomial potential energy V = φm. In parti-
ular, under these onditions the behaviour of the singu-
larity will depend on the kineti energy regardless of the
hoie of the potential. In a generi path with θ 6= 0,
the fast-roll regime is given by
a ∼ t1/(3q) , φ˙2 ∼ tθ−2 , φ ∼ tθ/2 . (50)
Thus the salar eld evolves quite dierently in the RS
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FIG. 4: The normalized GB salar eld φ as a funtion of
time. The solid horizontal line divides the solutions of the
duality (22) with sgn(p0) = ±1 at the innite future φ = 1.
(θ = 1) and GB (θ = −1) ase. Near the origin, t ∼ 0, the
fast-roll regime is ahieved for any θ 6= 0 whenm = 2 and
for θ > 4/(2−m) when m > 2. Therefore the behaviour
of the singularity may depend nontrivially on both the
ontributions of the energy density for suitable (and still
simple) potentials on a brane (see also [38℄).
Another result in four dimensions is that potentials
with a negative global minimum do not lead to an
AdS spaetime. Aording to the Friedmann equation
H2 = ρ, the energy density annot assume negative val-
ues; therefore at the minimum V
min
< 0 the salar eld
does not osillate and stop but inreases its kineti en-
ergy until this dominates over the potential ontribution.
Then one an desribe the instability at the minimum in
the fast-roll approximation through the only kineti tern;
the Hubble parameter vanishes and beomes negative [so
that (φ˙2/2)· > 0℄, and the Universe undergoes a boune.
In a braneworld senario this might not be the ase.
In fat, in the RS brane the Friedmann equation is H2 =
ρ[1+ρ/(2λ)]. If the negative minimum is larger than the
brane tension, |V
min
| >∼ λ, then, after an eventual fast-
roll transition, the quadrati orretion dominates near
the minimum and H2 ≈ ρ2. The salar eld an relax
without spoiling the onstraints from the equations of
motion.
All that we have said an be investigated in greater de-
tail by means of phase portraits in the three-dimensional
spae (φ, φ˙,H). Here we shall not explore the subjet
further and limit ourselves to the above qualitative om-
ments, whose aim was to stress that ompliated dual
potentials annot be disarded by general lassial or
semilassial onsiderations. Rather, from one side they
should be studied ase by ase; from the other side, one
or more loal features enountered by the salar eld dur-
ing its evolution ould indue interesting phenomena at
the quantum level, for instane triggering premature re-
heating or a series of quantum tunnelings.
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FIG. 5: The Gauss-Bonnet solutions dual to GB power-law
ination for n = 5, 10, 30 (inreasing thikness). From top to
bottom, eah panel orresponds to the φ behaviour of ln a¯(φ),
H¯(φ), and ǫ¯(φ) under the duality (22) with p0 = 3/2 (region
φ < 1) and p0 = −3/2 (region φ > 1).
2. Self-dual solutions and power-law expansion: tahyon
ase
In the tahyoni ase, from Eq. (25) we have H¯2 =
(−2q ln a)−1, with p0 = 3/2 for onveniene; in or-
der to have a real Hubble parameter with positive q,
the dual solution orresponds to the time region with
a < 1. The tahyon solution (θ = 2) to Eq. (31) is
a(t) = exp 3
√
9t2/(8q).
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FIG. 6: Gauss-Bonnet potential dual to GB power-law in-
ation under the mapping (22), for some values of n and p0.
The region with φ < 1 (φ > 1) orresponds to duals with
p0 > 0 (p0 < 0).
Power-law ination is ahieved with a tahyon prole
T (t) = T0t , V (T ) = V0T
θ−2 , (51)
and
a(T ) = (T/T0)
n , H(T ) = nT0/T , (52)
for all q, where T0 =
√
2/(3qn). Dening z ≡ (T/T0)2,
Eq. (30) gives z˙ ∝ −(− ln z)−1/2, and we get a real dual
solution provided 0 < z < 1. Sine z is a monotoni
funtion of time (see Fig. 7 for z < 1), we express the
dual quantities in terms of z itself:
a¯ = exp[−z/(2qn2)] , (53a)
|H¯ | = (−q¯n ln z)−1/2 , (53b)
ǫ¯ = qn(−z ln z)−1 . (53)
Consistently with Eq. (26), the dual Hubble radius de-
reases with time and in fat the dual osmology deeler-
ates (ǫ¯ > 1). Figure 8 shows the behaviour of the found
solution, together with the dual with p0 = −3/2.
3. Phantom and q-duality
Another duality relates standard solutions to phantom
(lˆ = −1) superinationary (ǫˆ < 0) osmologies through
Eq. (22). For p0 = −3/2, one has
aˆ(ϕ) = 1/y(ϕ) , (54a)
yˆ(ϕ) = a(ϕ) . (54b)
Again, there is also a yli branh orresponding to a
ontrating standard phase. The mapping (54) together
with Eq. (27) gives tˆ = −t¯, and we an get the phantom
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FIG. 7: Numerial plot of the funtion z(t¯) desribing the
tahyoni osmologies dual to power-law tahyon ination.
The solid line divides the solutions of the two dualities at
z = 1.
dual solution from the yli-dual one:
ϕˆ(t) = ϕ¯(−t) , (55a)
aˆ(t) = a¯(−t)−1, (55b)
Hˆ(t) = H¯(−t) , (55)
ǫˆ(t) = −ǫ¯(−t) . (55d)
One may realize a similar evolution with superaelerat-
ing sale fator by preserving the null energy ondition
(ℓ ≡ 1) and ipping the sign of q. The mapping we im-
pose is then
q∗ = −q , (56a)
θ∗ = 4− θ , (56b)
ǫ∗ = −ǫ . (56)
The eet of this orrespondene is also lear from Eqs.
(23) and (25). Atually, the hoie of the sign of q de-
termines whether the dual solution is superaelerating
or not. Sine the region with q < 0 generates a phan-
tom osmology, the name yli often adopted for the
transformation (22) with p0 > 0 is therefore misleading
in a braneworld senario with q < 0. Same onsidera-
tions hold for the phantom mapping, whih in this ase
would generate a solution without phantoms.
Sometimes we will say that osmologies with q < 0
mimi senarios with phantom matter; by this we refer
to the above mathing of the Hamilton-Jaobi equations
and do not mean that there is an eetive equivalene
between the two, sine in the rst ase the energy density
dereases when the sale fator expands, while in the
phantom ase the energy density inreases with a.
B. Regular dualities
It is not yet lear whether the dual solutions on-
struted so far, espeially those with p0 > 0, desribe
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FIG. 8: Tahyon osmology dual to power-law tahyon in-
ation for arbitrary positive values of q and n. Eah panel
orresponds to the behaviour of a¯(z), H¯(z), and ǫ¯(z) (from
top to bottom).
reasonable (not to mention viable) senarios. At this
point there are two possibilities. The rst one is to a-
ept these non-superaelerating osmologies and try to
explain them by means of some deeper and still miss-
ing theoretial ingredient. The seond one is to onsider
their exoti behaviour as a signal that we annot impose
p0 > 0 (or even p = onst) onsistently in pure high-
energy braneworlds (at least in the RS and GB ases),
while the 4D osmology an be dual to another 4D os-
mology. This is due to the fat that the funtions a(ϕ)
and y(ϕ) live in dierent real image sets. Then a new
path to follow is to nd some mehanism whih regu-
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larizes the dual solutions at the asymptoti past and
future. The only degree of freedom we ould exploit is
given by the parameter p, whih by this line of reasoning
must depend on ϕ. Therefore we are fored to assume
Eq. (21), whih generates the transformation
a¯(ϕ) = a(ϕ)p0 , (57a)
y¯(ϕ) = y(ϕ)1/p0 . (57b)
For θ¯ 6= 0 6= θ the other dual quantities read
H¯(ϕ) =
(p0α¯
α
)1/θ¯
H(ϕ)θ/θ¯ , (58a)
ε¯(ϕ) =
ℓℓ¯
p20
ε(ϕ) ⇒ (58b)
ǫ¯(ϕ) =
θ
θ¯p0
ǫ(ϕ) > 0 , (58)
while
t¯ = p0
(
α
p0α¯
)1/θ¯ ∫ ϕ
dϕ
(ln a)′
Hθ/θ¯
, (59)
so that ϕ¯(t) = ϕ(t) when θ¯ = θ.
In 4D (θ¯ = θ = 0), H¯(ϕ) = H(ϕ)ℓℓ¯/p0 , t¯ =
p0
∫ ϕ
dϕ(ln a)′/Hℓℓ¯/p0 , and ǫ¯ = ℓℓ¯ǫ/p20. The ross du-
ality between the general-relativisti framework (θ = 0)
and a high-energy braneworld (θ¯ 6= 0) is, after a time
redenition,
H¯(ϕ) = [lnH(ϕ)]−1/θ¯ , (60a)
ǫ¯(ϕ) = −ǫ(ϕ)[p0θ¯ lnH(ϕ)]−1 , (60b)
t¯ = p0
∫ ϕ
dϕ (lnH)1/θ¯(ln a)′ . (60)
Clearly, the eet of Eqs. (57), (58), and (59) results in a
resaling of time when θ¯ = θ, as one an verify by making
the substitution
p0 → p0 lnφ
2
φ2
, (61)
in the RS and GB power-law duals, Eqs. (45) and (48).
In this ase (whih inludes tahyon-tahyon dualities)
duals without phantoms are ahieved as long as p0 > 0.
When θ¯ 6= θ, this transformation relates the dynamis
of dierent braneworld senarios. Aording to the ross
duality between RS and GB standard ination, the dual
solution does not superaelerate if, and only if, p0 < 0.
The power-law ase is trivial sine the dual GB solution
is
a¯ = φ−2n¯ , H¯ = φ2 , ǫ¯ = n¯−1 , (62)
where n¯ ≡ −np0 and φ(t) ∝ t−1/2.
In the power-law ase the mapping (57) an be realized
also by
a¯(ϕ) = [ln y(ϕ)]s , (63a)
y¯(ϕ) = exp
(
1
sθ
∫ ϕ
dϕ
H
H ′
)
, (63b)
where s is a real onstant, giving a power-law dual a¯ =
t|s|. Note the domain range of the dual sale fator. The
dual parameter ǫ¯ is
ǫ¯ =
α
α¯θ¯θs2
|H¯ |θ¯
|H |θ
1
ǫ
, (64)
whih shows how in general the mapping (63) is not
equivalent to Eq. (57). This an be seen also by onsid-
ering the ation of the former in four dimensions, where
the dual Hubble parameter reads
H¯ = exp
[
− 3ℓ¯
2s
∫ φ
dφ
lnH
(lnH)′
]
. (65)
The 4D dual of the power-law solution (41) is a¯ = φs,
H¯ = exp(−φ2/s), and ǫ¯ = 2φ2/s2, with potential V¯ =
(1 − ǫ¯/3) exp(−sǫ¯). If s < 0, there is an instability as
φ → ∞, while for positive s the potential has a loal
minimum at ǫ¯∗ = 3+1/s [being V
′′(ǫ¯∗) ∝ s℄ and vanishes
at large φ.
One an devise other transformations of the Hamilton-
Jaobi equation than Eqs. (22), (57), and (63). The last
example we give is the following:
a¯(ϕ) = exp
(
−1
r
∫ ϕ dϕ
a′
)
, (66a)
y¯(ϕ) = exp[ra(ϕ)] , (66b)
where r is a real onstant. For θ¯ 6= 0 6= θ, the basi
equations are
|H¯ | =
( α¯
ra
)1/θ¯
, ǫ¯ = − r
θ¯
a′2
a
, ˙¯ϕ = −ra′
( α¯
ra
)1/θ¯
.
(67)
The RS→RS dual (r < 0) has
a¯ ∼ exp t1−n , (68a)
H¯ ∼ t−n , (68b)
ǫ¯ ∼ tn−1 . (68)
The RS→GB dual (r > 0) has
a¯ ∼ exp t(1−n)/(1−2n) , (69a)
H¯ ∼ tn/(1−2n) , (69b)
ǫ¯ ∼ t(1−n)/(1−2n) . (69)
The GB→GB dual (r > 0) has
a¯ ∼ exp t(1+n)/(1+2n) , (70a)
H¯ ∼ t−n/(1+2n) , (70b)
ǫ¯ ∼ t−(1+n)/(1+2n) . (70)
In the limit n → ∞, the GB dual of both RS and GB
osmology is a¯ ∼ exp√t, that is the Randall-Sundrum
self-dual solution with respet to Eq. (22).
We onlude with an interesting remark. The above
dualities onnet not only dierent braneworlds with the
11
same type of salar eld but also pathes with dierent
salars. If one wishes to onstrut osmologies with a
DBI tahyon, it is suient to start from a generi se-
nario (ϕ, q, θ˜) and hit the dual (T, q¯, θ¯ = 2) via either Eq.
(22), (57), (63), or (66). In partiular, with Eq. (57)
H¯(T ) = H(ϕ→ T )θ/2 , θ 6= 0 , (71)
H¯(T ) = [lnH(ϕ→ T )]−1/2 , θ = 0 , (72)
in agreement, e.g., with previous results on power-law
standard and tahyon ination (see [14℄ and referenes
therein).
IV. REMARKS ON COSMOLOGIES WITH q < 0
As disussed in the introdution, when onsidering
a ve-dimensional braneworld, bulk moduli modify the
Friedmann equation on the brane. In general, to a given
orbifolded 5D spaetime and matter soure onned on
the brane there will orrespond a set of juntion ondi-
tions determining the matter-gravity interation at the
brane position. Conversely, one an always onstrut a
bulk stress tensor suh that Eq. (3) holds for some q
[39℄; this is beause the juntion onditions have enough
(q-dependent) degrees of freedom at a xed slie in order
to arrange a suitable expansion. In fat, the braneworld
alone is not suient to fully determine the observable
physis and some fundamental priniple (e.g., AdS/CFT
orrespondene) should be advoated from the outside
in order to sweep all ambiguities away [40℄. Dealing not
with suh elegant priniples, we shall keep the following
disussion on a very qualitative level sine the arguments
are not yet motivated by a robust theoretial bakground,
if any.
If the bulk moduli vary with time, the resulting Fried-
mann evolution on the brane hanges aordingly and
an be written as in Eq. (3) but with a time-dependent
exponent q(t), at least in a small time interval and under
partiular energy approximations. The SR parameter ǫ
would not be onstant even in the ase of onstant index
of state w, see Eq. (7). We will make some onsiderations
on the possibilities of nonstandard osmologies with neg-
ative q. We stress one again that it is left to see whether
suh a moduli evolution an be onsistently implemented
in string theory. A sensible treatment of the moduli se-
tor is ruial for a lear understanding of string osmol-
ogy; onrete examples have been onstruted, e.g., in
[41℄. Nonetheless, a few preliminary remarks might trig-
ger some researh in this diretion.
To the author's knowledge, so far there has been found
only one expliit osmologial model with negative q.
This omes from higher-derivative gravity theories [42℄,
in whih one an onsider a lass of gravitational ations
like
Sg =
∫
d4x
√
gf(R) , (73)
where f(R) is an arbitrary funtion of the Rii salar
and g is the determinant of the metri. It turns out that
one an onstrut suitable expressions for f(R) and get
Eq. (3) in the appropriate limit. The ase f(R) = R −
(sinhR)−1 is of partiular interest, sine in the limit of
small urvature R (late times, low energy) one gets H2 ≈
ρ−1 and an explain the present (super?)aeleration of
the Universe.
A. q-boune?
In the end of the last setion we have seen that there
is a formal duality, similar to the phantom duality, re-
lating standard expanding solutions with q > 0 to super-
aelerating osmologies with q < 0. Now it would be
interesting to see what are the properties of these solu-
tions and whether they an play some role in bouning
senarios, as true phantom omponents may do. For this
reason, let us assume that (i) the moduli variation is suh
that a ontrating period with q < 0 is smoothly followed
by a standard q > 0 expansion and (ii) some stabilization
mehanism is eetive after the shift in the moduli spae,
so that the osmologial expansion on the brane an be
desribed by one of the previous models (4D, RS, GB)
at suiently late times. In the simplest toy model, we
an onsider a sharp transition from −q to q at the big
bang, with 0 < q = onst≪ 1 around the boune.
The ontrating phase is deationary sine a¨ > 0 and
is atually superaelerating if the brane ontent is not
phantomlike. The absolute value of the Hubble rate de-
reases to zero while the energy density ρ(t) approahes
the singularity at ρ(0) = ∞; in a standard ontrating
phase (Fig. 9 for t < 0) it is the Hubble radius that
dereases.
Note that at neither this nor any other stage we are
saying anything about the reation of the Universe,
sine all these onsiderations regard the osmologial evo-
lution from a brane-observer point of view rather than
the global spaetime struture. Although the bakre-
ation on the brane is governed by the moduli evolu-
tion, the braneworld as a geometrial objet does not
undergo any dramatial transition and is onsidered to
be present at any time in order to make sense of the
modied Friedmann equation before, during, and after
the boune. Genuine braneworld reation has been on-
sidered reently in [43℄.
There are several advantages in onstruting a model of
boune with varying q. First, it avoids the reversal prob-
lem due to the monotoniity of the Hubble parameter in
general relativity [18℄. Seond, one does not enounter
the lassial instabilities of bakground ontrating so-
lutions with w = onst found in [8, 20℄. In this ase,
from the ontinuity equation the energy density sales as
ρ = a−3(1+w), up to some onstant fator. In a ontrat-
ing universe, if w <∼ −1 the energy density of the salar
eld is noninreasing, while an extra matter or radiation
omponent inreases with time. Therefore solutions with
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FIG. 9: Inationary expansion with a short q → −q → q
transition. The physial Hubble length |RH | (upper panel)
and the omoving one |RH |/a (lower panel) are plotted in
arbitrary units of time. k denotes the omoving wave number
of a perturbation exiting the horizon during the q-transition.
For t < 0 a standard ontrating behaviour is represented.
w <∼ −1 are not attrators as regards the isotropi os-
mologial evolution, while solutions with w > 1 (≫ 1 in
yli or ekpyroti senarios) are stable.
Put into another way, for onstant w one has RH ∼ t
and a ∼ t1/ǫ. When 0 < ǫ < 1, a grows more rapidly than
the Hubble radius and quantum utuations an leave
the horizon; for q > 0, ǫ > 1, and H < 0, a neessary
ondition for getting a sale-invariant spetrum is that
RH shrinks more rapidly than a, that is ǫ > 1. When q <
0, the sale fator shrinks as the Hubble radius dereases
and vie versa, and no apparent ritial index of state is
required.
Sine there is no onrete model motivating a path
transition, this senario is not less arbitrary than those
invoking an ad ho phantom matter. Matter with w <
−1 has been advoated both in the ontext of bouning
osmologies and for explaining modern data on osmi
aeleration. Although it has been ritiized in many
respets [44℄ and is not stritly neessary to bring ur-
rent observations to aount [45℄, a phantom omponent
still an be embedded in string theory (e.g., [46℄) and
has attrative features; for instane, in a yli phantom
universe blak holes are tore apart and are prevented to
annibalize the osmologial horizon during one of the
ontrating phases [30, 47℄. Of ourse this is not the
ase for q-osmologies in whih the null energy ondi-
tion, determining the evolution of the blak hole mass, is
preserved.
Another lear shortoming is that there is no apparent
reason why the sale fator should reverse its evolution
exatly during the q-boune. Therefore there is no im-
mediate relation between solutions with negative q and
bouning models of the early Universe. Anyway Eq. (3)
is only a partiular ase of a wider and more realisti lass
of osmologial evolutions, to whih the RS senario it-
self does belong. If the nonstandard behaviour of the 4D
Friedmann equation arises as a orretion to the linear
term, then it is natural to write it down as a polynomial
(rather than a monomial) in ρ:
H2 = b1ρ
q1 − b2ρq2 , (74)
where q1, q2, b1, b2 are onstants; one an always set one
of the bi's to 1 in appropriate units. In the RS two-brane
ase q1 = 1, b1 = 1, and q2 = 2, while b2 = −(2λ)−1
in the type 2 model (matter on the brane with positive
tension) and b2 = (2|λ|)−1 in the type 1 model (matter
on the brane with negative tension). If b1, b2 > 0, then a
boune ours at
ρb ≡ (b2/b1)1/(q1−q2) . (75)
Under the additional assumption that sgn(q1) 6= sgn(q2),
a period of nonphantom superaeleration may dominate
at some point of the evolution, aording to the sign of
the oeients. But about this we will say no more.
B. q-bump?
Another possibility arises when the evolution of the
moduli in the bulk is suh that q hanges from posi-
tive to negative to again positive values in some interval
∆t = te− ti. In the ase the transition q → −q → q hap-
pens during the inationary period, some interesting fea-
tures in the power spetrum may be generated. A bump
in the power spetrum would our for those perturba-
tions rossing the horizon during the path transition.
In the toy model, q(t) is a step funtion with sharp tran-
sitions and the harateristi time of the event is small
with respet to the total duration ∆t
inf
of the aeler-
ated expansion, ∆t/∆t
inf
≪ 1; in Fig. 9 the interval ∆t
is exaggerated. Perturbations leaving the horizon during
this period will break sale invariane in a omoving wave
number interval ∆k = k(te)− k(ti).
To get some idea of the properties of the arising feature
it is more onvenient to onsider a smoothly varying q, for
example with a Gaussian prole entered at some time
t0,
q(t) = q0 − q1e−(t−t0)2/σ2 , (76)
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where q1 > q0 > 0 and ∆t ∼ σ is the region of validity of
the approximation.
Let us reall that the expressions for the squared salar
and tensor amplitudes and their ratio are (βq = 1)
A2s(ϕ) ∝ qH2+θ/ǫ , (77a)
A2t ∝ |q|H2+θ/ζq , (77b)
r ≡ A2t/A2s = |ǫ|/ζq , (77)
where ζq is a O(1) oeient depending on the onrete
gravity model and it has been assumed to be positive
without loss of generality. Equations (77) are valid to
lowest SR order; in fat, around q ∼ 0 the parameter
ǫ ∼ 0 and the SR approximation still holds. The salar
and tensor indies are, near k0 = k(t0),
ns − 1 ≡ d lnA
2
s
d ln k
≈ −(2 + θ)ǫ + (1− ǫ)γ , (78)
nt ≡ d lnA
2
t
d ln k
≈ −(2 + θ)ǫ . (79)
A negative q ≈ q0 − q1 orresponds to θ > 2 and a very
blue-tilted gravitational wave spetrum, an eet that
has been found in ekpyroti models also [21℄. However,
models with γ > 4ǫ have even a blue-tilted salar spe-
trum; if k0 ≪ 10, that is at long wavelengths, this might
t with the loss of power in the omi mirowave bak-
ground (CMB) quadrupole region found in reent data.
Note that the divergene θ →∞ at the boune is typial
of purely adiabati perturbations. In general relativity,
the onsistent introdution of entropy perturbations, gen-
erated by the mixing modes of a multiomponent uid,
ompensates the urvature divergene [6℄ and a similar
mehanism might operate in this ase, too.
C. q-ination?
Beause of its features one might think to regard an ex-
panding q < 0 era as a substitute of standard ination.
For example, we an devise a superaelerating universe
lled by a not-slow-rolling salar eld with a generi po-
tential. The expansion inates the utuations of the
eld (thus explaining the large-sale anisotropies) until
the moduli evolution hanges the sign of q and grae-
fully exits to a normal, deelerating expansion. A few
properties of expanding q-models were already outlined
in [14℄.
One of the most important strongholds of ination is
its apability to selet a de Sitter vauum from a non
ne-tuned set of initial onditions. This property is en-
oded in the denition of the inationary attrator. If
there exists an attrator behaviour suh that osmologi-
al solutions with dierent initial onditions (i..) rapidly
onverge, then the (post-) inationary physis will gener-
ate observables whih are independent of suh onditions.
Let Ho(ϕ) > 0 be a bakground expanding solution (de-
noted with the subsript o) of the Hamilton-Jaobi equa-
tions and onsider a linear perturbation δH(ϕ) whih
does not reverse the sign of ϕ˙ > 0. From the linearized
equation of motion for the inaton eld it turns out that
[14℄
δH(ϕ) = δH(ϕo) exp
∫ ϕ
ϕo
dϕ
cq
[
(2− θ)
(
1 +
θ
3
ǫ
)]
H θ˜+1o
H ′o
,
where βq = 1 and cq ≡ (2/3q)2. All linear perturbations
are exponentially damped when the integrand is negative
denite and, sine H ′o and ϕ˙ have opposing signs when
q is positive, this ours when the term inside square
brakets is positive. When θ > 2 (q < 0), H ′o and ϕ˙ have
onording signs. In this ase, linear perturbations are
suppressed when |ǫ| < 3/θ; in the large θ limit, that is
when q is lose to vanish in the realisti ase of smoothly
varying moduli, this ondition leads to a trivial de Sit-
ter expansion H = β0 insensitive of the matter ontent.
Solutions with a greater SR parameter would depend on
the initial onditions in an unpleasant way.
The ondition |ǫ| < 3/2, though more stringent than
those of standard inationary senarios with positive ǫ
(4D and RS: ∀ǫ; GB: ǫ < 3), does not severely onstrain
the dynamis of the salar eld in order to have a suf-
iently at potential, provided not a too negative q.
However, it is important to stress that this new piture
might not replae ination beause of this possible ne
tuning, |q| ≪ 1. Therefore it is not lear whether the
dependene on i.. would survive or not after the bump,
although a suient amount of q-ination might have
erased any memory of the i.. at this time.
V. CONCLUSIONS
In this paper we have generalized the four-dimensional
triality between inationary, yli, and phantom os-
mologies to the ase of a braneworld senario with a
modied eetive Friedmann evolution H2 = ρq. The
exat, simple relations Eqs. (2) between the parameters
ǫ = R˙H of models with an ordinary salar eld are broken
and extended onsequently. The self-dual solutions and
the duals of power-law ination have been provided for
three senarios (General Relativity, Randall-Sundrum,
and Gauss-Bonnet braneworlds) in the presene of either
a normal salar eld or a Born-Infeld tahyon. Finally,
starting from a new version of the phantom duality, we
have set some remarks on osmologies with q < 0.
The struture of the triality is deeply modied: The
osmologies dual to ination either display singularities
within nite time intervals or are nonsingular at the ori-
gin. This last feature is appealing as regards the on-
strution of nonsingular bounes and would deserve fur-
ther attention. Hopefully, the ross dualities we have
found will help in the understanding of high-energy phan-
tom and bouning models of the early Universe.
Many topis remain to explore. For example, one
should onsider the ontribution of the nonloal physis
of the bulk in order to set a truly onsistent piture of
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braneworld osmologies and dualities. In the typial in-
ationary ontext, Eq. (3) enodes the most part of the
braneworld eetive evolution; in fat, the simplest on-
tribution of the projeted Weyl tensor is ∝ a−4 and is
damped away during the aelerated expansion. How-
ever, the dark radiation term is no longer negligible in a
ontrating universe and should be taken into aount.
In parallel, it would be interesting to explore two other
diretions. The rst, most important issue should be to
motivate q < 0 senarios within string theory, super or
quantum gravity, sine at this stage they are rather spe-
ulative. The seond diretion goes towards a study of the
osmologial perturbations through the boune, by fur-
ther modeling the too simple step-funtion transitions we
presented. A more onrete model would try to provide a
smooth big runh/big bang phase and allow a nonsharp
transition in q.
In order to fully resolve the singular boune we should
rely on a desription more general than lassial gravity.
To nd reasonable solutions of the big bang singular-
ity and embed a bouning piture in a well-established
(string-) theoretial framework will perhaps be one of the
most promising lines of researh in the following years,
not only for the immediate osmologial impliations (ob-
servability of preinationary physis and omprehension
of the high-energy early Universe) but also beause it
might lead to a better understanding of the still ontro-
versial but intriguing landsape of vaua [48℄.
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Note added: After the ompletion of the rst version
of this work [49℄ another paper treating similar topis
appeared on the eletroni preprint server [36℄. In par-
tiular, their results are in agreement with ours when
the duality transformations at on saling solutions of a
single path with L = Hθ/2.
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